The motion of the interface between two Auids in a quasi-two-dimensional geometry is studied via simulations. We consider the case in which a zero-viscosity Quid displaces one with finite viscosity and compare the interfaces that arise with zero surface tension with those that occur when the surface tension is not zero. The interface dynamics can be analyzed in terms of a complex analytic function that maps the unit circle into the interface between the Auids. The physical region of the domain is the exterior of the circle, which then maps into the region occupied by the more viscous Auid. In this physical region, the mapping is analytic and its derivative is never zero. This paper focuses upon the determination of the nature of the interface and the positions of the singularities of the derivative of the mapping function g. Two kinds of initial conditions are considered: case A, in which the singularities closest to the unit circle are poles; and case 8, in which the t =0 interface is described by a function g with only zeros inside the unit circle. In either case, different behaviors are found for relatively smaller and larger surface tensions. In case A, when the surface tension is relatively small, the problem is qualitatively similar with and without surface tension: the singularities move outward and asymptotically approach the unit circle. For relatively large surface tension, the singularities, still polelike, move towards the center of the unit circle instead. In case B, for zero surface tension, the zeros move outward and hit the unit circle after a finite time, whereupon the solution breaks down. For finite but relatively small surface tension, each initial zero disappears and is replaced by a pair of polelike excitations that seem to approach the unit circle asymptotically, while for a relatively large surface tension, each initial zero is replaced by a polelike singularity that then moves towards the unit circle.
I. INTRODUCTION
Bubble growth in a Hele-Shaw cell has drawn much attention recently. Here, two closely spaced glass plates contain two fluids. For this idealized case, one fluid is viscous and incompressible, while the other has zero viscosity. The latter fluid is a bubble in an infinite sea composed of the more viscous fluid. The area of zeroviscosity fluid grows at a steady rate. The interface separating the two fluids is described by a surface tension. This and similar systems, for example, a channel flow geometry, have been studied experimentally, and various growth features have been observed. ' For some initial conditions, the zero-surface-tension case can be solved analytically.
These solutions show that for a large range of initial conditions, the interface will develop cusps after a finite time interval. After this critical time, the analysis is not meaningful.
Starting with the work of Salesman and Taylor, there has been considerable discussion of the e8'ect of the surface tension upon the interface motion in a Hele-Shaw cell. Work on this problem has shown that the surface tension is a singular perturbation, so that the solutions with and without surface tension may be qualitatively difFerent. Since the bubble-growth problem is the simplest one in this general class, the question of whether the presence of a small surface tension will qualitatively change the solution is of great interest.
In this paper, we shall first give a mathematical formulation of the bubble-growth problem using a method proposed by Shraiman and Bensimon and Tanveer. After a brief review of the results for the zero-surface-tension case, we shall report our simulation results for the growth of a bubble with nonzero surface tension. %'e shall show both the shape of the bubbles and the motion of the singularities with surface tension in comparison with those without surface tension.
The computational methodology will be described in the Appendix.
II. MATHEMATICAL FORMULATION
The system has two kinds of fluids. They are confined between two parallel glass plates that are kept very close to each other (see Fig. l ). The interface between the two fluids is bubble shaped. The fiuid inside the bubble (fluid l) has a negligible viscosity and is kept at a constant pressure. The fiuid outside the bubble (fluid 2) has a larger viscosity and is incompressible. (4) 3 tF(ro) I =ao+2 g a"co" .
n (& -1) where r is the distance from the injection point.
The boundary condition (3) In our simulations, we consider in detail two cases that have initial conditions of the q-zero and the q-pole cases described above.
A. Pole initial condition
Smaller surface tension
For the analog of the q-pole case for zero surface tension, we used dp = 10,and took as the initial condition 1 g (oi, t) I, =o = 1 -0. 5/co (23) is greatly suppressed, develop at later times. In this case, the fjords are almost perpendicular to the fronts that almost form a circle. This rejects the fact expressed in Eqs. (21) and (22) that the poles and the zeros tend to 1, but the poles approach much faster then the zeros do.
Especially, if the leading singularity is pole singularity, y = -1, the above ratio goes like~p~and the coefficients g. -Ipl".
Figure 6(a) In our previous notation,
Figure 5 is the interface up to time =0.6 for dp =10
For times no later than 0.6, the interfaces are almost identical to those with dp=0. We are not able to carry the calculation for the nonzero-surface-tension case long enough to see if the interesting shape exhibited by the zero-surface-tension case shown in Fig. 4 will show up when the surface tension is not zero.
Since g", the nth Fourier coefficient of the function g, is also the coefficient of the term co "q in the Taylor expansion (see the Appendix), the dependence of g"on n gives information on the analytic structure of the function g. Whenever the singularity nearest the unit circle is a branch cut of order y that lies at coq=p, the leading behavior of the ratio of the coeKcients is We also studied a bubble with fourfold symmetry, since other workers have considered this case in some detail. ' Behavior in the shape of the interface and the movement of the singularities was found to be similar for dp = 10 to that for the previous case with threefold symmetry. restrained between two intersecting walls that intersect at the injection point with an angle of 2~/q. Hakim et al. found experimentally that in a situation with two walls, the interface will grow steadily after some time and form a fingerlike structure that has a characteristic angle. The ratio of this angle to the angle between the walls is defined to be A, . If the growth of the interface really follows that of the zero-surface-tension case seen in Fig. 4 The interfaces at t =0, 0.5, 1, and 2 are shown with those of do=0 in Fig. 8(a) , and the corresponding movements of the leading singularities are shown in Fig. 8(b Fig. 9(a) . The surface tension changes the interfaces considerably. With zero surface tension, the interface at t =1.5 has already started to develop fjords; while with this relatively large surface tension, the interface becomes circular as time goes on. The structure of the Fourier spectrum does not change much, but the motion of the singularities is towards the center of the unit circle instead of towards the unit circle. Figure 10 shows (Fig. 3) , the tips of the interface develop into cusps when t =t"while for do=10, the tips look much rounder. In the latter case, we can carry the calculation beyond t, . In Fig. 11(b) , the two cases are compared for I; (t,.
From the two dents in the sides of the finite-surfacetension interface [see Fig. 11(b) ], one might guess that g(to, t) perhaps has two identical singularities, complex conjugates of one another. If these are the singularities that lie closest to the unit circle and lie at p (t) and p'(t), which, respectively, has phases +8(t) and -6(t), then for large n, the Fourier coefficient will have the following form:
Smaller surface tension To find the finite-surface-tension analog of the q-zero behavior, we first used do=10, and the initial condition g"=C"~p (t)~"cos(n 0), The actual Fourier coeKcients g", as shown in Fig.   12(a) , has an n dependence rather similar to (26 (26) is true, the quantity R:g /(e IP' g + I +e ) lg I ) should be weakly depen dent on n. Furthermore, as n -+~, this ratio goes to 2/cos(6) when lp'l = lp l. In Fig. 12(b) , where R" is plotted against n, we see that for the high frequencies, R" does become constant. The positions of the singularities fit by the two different methods agree to 1%. Given Gts of this quality, it seems reasonable to call p(t) and p*(t) the positions of the singularities. These singularities may not be poles. The basic equations do not seem to admit pole solutions, ' but nonetheless the singularities generated by the numerical work do appear isolated and polelike.
We then did a calculation for a case with sixfold sym- FIG. 12. Plot of g"vs n for the case depicted in Fig. 11 . (a) Plot of log, og"vs n at time =0.36. The periodic bumps on top of a straight line suggests a two-pole-like singularity structure for each of the three parts of the interface.
g (el''lg +&+ e -IP'Ig, ) is plotted against n for high frequencies for times 0.36, 0.45, and 0.54, corresponding to the bubbles shown in Fig. 11(a) . The almost-horizontal lines confirm the previous observation that the leading singularity structure is two-pole-like for each of the three parts of the interface.
metry and an even smaller surface tension do=10
The initial condition was g (co, t)~, o= 1-0. 1 CO (27) We found similar behavior in both the shape of the interface and the motion of the singularities. Figure 15( Fig. 16 0. 0-dp-0 dp = IO Fig. 16 . log&~"vs n for an initial q-zero case with a larger surface tension (10 ) and the same initial condition as that in Fig. 15(a) . The straight line suggests that the singularity is a polelike, which is diFerent from what is shown in Fig. 12(a) . The corresponding times are 1.3, 2.6, 3.9, and 5.2. Since the slope of the lines increases with time, the polelike singularities move towards the unit circle. Note added in proof.
After we submitted the manuscript, we did some more studies on the initial qzero case with a small surface tension. It seems that the analytic structure of the function g can perhaps be better described by a continuous distribution of polelike (more precisely, branch cuts of some power) structures and their complex conjugate on a circle with a radius smaller than 1. We suspect that this might also be the case for the initial q-pole case. Further studies are needed to determine the nature and the number of these singularities.
to do the Fourier transform, we doubled the number of points and give them an initial value of zero just before the highest frequency components exceeded the round-off error.
In the calculation where do=10 and a q-pole initial condition was used, we began with the first 256 terms of the Fourier transform of the function g (half of which were of the negative frequencies and were therefore nonzero), and the corresponding time step was 10 . Before the highest Fourier component exceeded the roundoff error, we doubled the number of points by assigning the rest to be zero and decreased the time step accordingly. Generally, if the number of points used is N, the time step used is proportional to d0/qX3. We stopped the calculation just before the highest frequency of the Fourier spectrum of 1024 points exceeded the roundoff error, the time step being 10 . In order to check the program, we did another calculation for the same problem. We began with 1024 points and a time step of 10 . After 3 000000 iterations (when the time was 0.3), we compared the Fourier components with those obtained from the previous calculation. The lower Fourier coefficients agreed to the tenth or eleventh digit, and the higher Fourier coefficients agreed to the twelfth or thirteenth digit.
